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Abstract. This paper focuses on the topic of ordered soft separa-
tion axioms, which involve using soft points on soft bitopological ordered
space. The main objective is to examine the properties and characteriza-
tions of these axioms, and establish some important results linking them
to other concepts such as soft topological and soft hereditary properties.
Furthermore, the paper presents examples and properties to highlight the
distinctions between the separation axioms introduced in this study and
those in [1]. Notably, the separation axioms proposed in this paper are
more robust than other separation axioms.
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1. Introduction

By adding partial order relations to topological structures, Nachbin [2] intro-
duced the concept of topological ordered spaces as a generalization of topological
spaces in 1965. McCartan [3] went on to utilize monotone neighborhoods in order
to study ordered separation axioms. In order to deal with the vagueness and un-
certainty of real-life problems, various mathematical tools have been developed such
as fuzzy sets, intuitionistic fuzzy sets, rough sets, and vague sets. One such tool,
soft sets, was introduced by Molodtsov [4] in 1999 and has since been developed and
applied to decision-making problems, algebraic structures, and topological spaces.
Soft separation axioms have been defined and investigated for both crisp and soft
points, and four types of separation axioms have been identified and characterized.
In 2020, Solai and Maltepe [5] introduced soft separation axioms using soft points
on soft topological spaces and discussed their properties and characterizations.
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El-Shafei et al. [6, 7] developed a new framework for soft topological ordered
spaces by introducing two novel soft relations, namely partial belong and total non-
belong. They also introduced the concept of ordered soft separation axioms, denoted
as P -soft Ti-ordered, where i ranges from 0 to 4. Şenel [8] presented the soft topology
generated by L-soft sets. Additionally, in a 2016, Şenel [9] proposed a new approach
to hausdorff space theory via the soft sets. Şenel and Çağman [10] introduced soft
topological subspaces in 2015. Furthermore, Şenel and Çağman [11] explored soft
closed sets on soft bitopological space in 2014. In 2020, Şenel et al. [12] studied
distance and similarity measures for octahedron sets introduced by Lee et al. [13].
El-Sheikh et al. [14] established the concept of a soft bitopological ordered space,
which comprises a soft bitopological space with a partial order relation. They in-
troduced and studied various concepts related to increasing and decreasing pairwise
open and closed soft sets, increasing and decreasing total and partial pairwise soft
neighborhoods, and increasing, decreasing, and balancing pairwise open soft neigh-
borhoods. They also defined the concept of increasing and decreasing pairwise soft
closure and interior.

The paper is divided into three sections. The preliminary section, Section 2,
provides an overview of soft sets and soft topologies, including their definitions
and properties. Section 3 is dedicated to introducing new soft separation axioms,
called PSSTi-spaces (i = 0, 1, 2, 3, 4), and exploring their relationships and various
properties. One of the key aspects of this section is the introduction of a new concept
called PSS-regular spaces, which is weaker than P ∗-soft regular space, as studied
in [1]. The properties of PSS-regular spaces are analyzed in detail in this section.

2. Preliminaries

In this section, we briefly review some concepts and some related results of soft
set, soft point, soft topological space and soft bitopological ordered space which are
needed to use in current paper. For more details about these concepts you can see
in [1, 15, 16]. Henceforth, X denotes the universe set, E denotes the fixed set of
parameters and 2X denotes the power set of X.

Definition 2.1 ([4]). A pair (G,E) is said to be a soft set over X, where G : E −→
2X . The family of all soft sets over X denoted by P (X)E .

Remark 2.2. (1) For short, we use the notation GE instead of (G,E).
(2) A soft set can be defined as a set of ordered pairs:

GE = {(α,G(α)) : α ∈ E and G(α) ∈ 2X}.

Definition 2.3 ([17]). Let GE ∈ P (X)E . Then GE is called:

(i) a null soft set, denoted by φ̂, if G(α) = ∅ ∀α ∈ E,
(ii) an absolute soft set, denoted by XE , if G(α) = X ∀α ∈ E.

Definition 2.4 ([18]). Let GE , NE ∈ P (X)E .
(i)NE is called a soft subset ofGE , denoted byNE v GE , ifN(α) ⊆ G(α) ∀α ∈ E.
(ii) NE and GE are said to be equal, denoted by NE = GE , if NE v GE and

GE v NE .
(iii) The union of NE and GE , denoted by NE t GE , is a soft set HE over X

defined by H(α) = N(α) ∪G(α) ∀α ∈ E.
2
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(iv) The intersection of NE and GE , denoted by NE uGE , is a soft set HE over
X defined by H(α) = N(α) ∩G(α) ∀α ∈ E.

Definition 2.5 ([16]). Let GE , NE ∈ P (X)E .
(i) The difference of NE and GE , denoted by HE = NE − GE is a soft set HE

over X defined by H(α) = N(α)−G(α) ∀α ∈ E.
(ii) The complement of NE , denoted by N c

E , is a soft set over X defined by
N c(α) = (N(α))c ∀α ∈ E.

Definition 2.6 ([19]). The soft set NE : E → 2X given by:

N(e) =

{
{x} if e = α
φ if e ∈ E − {α}

is called a soft point over X and denoted by xα. The family of all soft points over X
denoted by Sp(X)E .

Definition 2.7 ([20]). A soft point xα is said to belong to a soft set NE , denoted
by xα∈̂NE , if xα(α) ⊆ N(α) for each α ∈ E.

Definition 2.8 ([4, 6]). For a soft set NE over X and a ∈ X, we say:
(i) a ∈ NE , if a ∈ N(α) for each α ∈ E and a 6∈ NE , if a 6∈ N(α) for some α ∈,
(ii) a b NE , if a ∈ N(α), for some α ∈ E and a 6b NE , if a 6∈ N(α) for each

α ∈ E.
The notations ∈, 6∈,b and 6∈ are respectively read belong, non-belong, partial

belong and total non-belong relations.

Definition 2.9 ([16]). A soft topology on X is a collection τ of soft sets over X
under E satisfying the following axioms:

(i) φ̂ and XE belong to τ,
(ii) the union of any member of soft sets in τ belongs to τ,
(iii) the intersection of any two soft sets in τ belongs to τ.
The triple (X, τ,E) is said to be a soft topological space over X. Every member

of τ is called a soft open set and its relative complement is called a soft closed set.

Definition 2.10 ([21]). A soft subset WE of a soft topological space (X, τ,E)
is called a soft neighbourhood of xe ∈ Sp(X)E , if there exists NE ∈ τ such that
xe∈̂NE vWE .

Definition 2.11 ([22, 23]). A soft bitopological space is a quadrable system (X, τ1, τ2, E),
where τ1 and τ2 are any soft topologies on X with a fixed set of parameters E.

Given a soft bitopological space (X, τ1, τ2, E), a soft set NE in X is called a
pairwise open soft (briefly, PO-soft) set, if there exist a τ1-open soft set N1

E and
a τ2-open soft set N2

E such that NE = N1
E t N2

E . Similarly, a soft set NE in X
is called a pairwise closed soft (briefly, PC-soft) set, if the complement of NE is
a PO-soft set. Furthermore, the family of all PO-soft sets in a soft bitopological
space (X, τ1, τ2, E) forms a supra soft topology on X, denoted by τ12, given by

τ12 = {NE : NE = G1
E t G2

E , G
j
E ∈ τj , j = 1, 2}. Finally, we note that the supra

soft topological space associated with the soft bitopological space (X, τ1, τ2, E) is
the triple (X, τ12, E).

3
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Definition 2.12 ([24]). Let (X, τ1, τ2, E) be a soft bitopological space, GE be a soft
set over X and xe ∈ Sp(X)E . Then GE is said to be a pairwise soft neighbourhood
(briefly, P -soft nbd) of xe, if there exists a PO-soft set NE such that xe∈̂NE v GE .

Definition 2.13 ([23]). The following concepts are defined for a subset GE of
(X, τ1, τ2, E).

(i) The pairwise soft closure of GE , denoted by cls12(GE), is the intersection of all
PC-soft sets containing GE .

(ii) The pairwise soft interior of GE , denoted by ints12(GE), is the union of all
PO−soft sets which are contained in GE .

Definition 2.14 ([15]). A binary relation ≤ on X is said to be a partial order
relation, if ≤ is reflexive, anti-symmetric and transitive.
{(a, a) : for every a ∈ X} is the equality relation on X and it is denoting by N.

Definition 2.15 ([2]). A triple (X, τ,≤) is said to be a topological ordered space, if
(X, τ) is a topological space and (X,≤) is a partially ordered set.

Definition 2.16 ([6]). A triple (X,E,≤) is said to be a partially ordered soft space,
where ≤ is a partial order relation on X.

Definition 2.17 ([6]). Let (X,E,≤) be a partially ordered soft space. Then an
increasing soft operator i : (P (X)E ,≤)→ (P (X)E ,≤) and a decreasing soft operator
d : (P (X)E ,≤)→ (P (X)E ,≤) are defined, respectively as follows: for each soft set
NE in P (X)E ,

(i) i(NE) = (iN)E , where iN is a mapping of E into X given by: for each α ∈ E,

iN(α) = i(N(α)) = {a ∈ X : b ≤ a for some b ∈ N(α)},

(ii) d(NE) = (dN)E , where dN is a mapping of E into X given by: for each
α ∈ E,

dN(α) = d(N(α)) = {a ∈ X : a for some b ∈ N(α)}.

Definition 2.18 ([6]). A soft subset NE of a partially ordered soft space (X,E,≤)
is increasing (resp. decreasing), if NE = i(NE) (resp. NE = d(NE)).

Definition 2.19 ([6]). A quadrable system (X, τ,E,≤) is said to be a soft topological
ordered space (briefly, STOS), if (X, τ,E) is a soft topological space and (X,E,≤)
is a partially ordered soft space.

Definition 2.20 ([6]). Let Y ⊆ X and (X, τ,E,≤) be an STOS. Then (Y, τY , E,≤Y
) is called a soft ordered subspace of (X, τ,E,≤), provided that (Y, τY , E) is soft
subspace of (X, τ,E), where ≤Y is a partially ordered relation on Y .

Lemma 2.21 ([6]). If WE is an increasing (resp. a decreasing) soft subset of an
STOS (X, τ,E,≤), then WE u YE is an increasing (resp. a decreasing) soft subset
of a soft ordered subspace (Y, τY , E,≤Y ).

Definition 2.22 ([14]). The system (X, τ1, τ2, E,≤) is said to be a soft bitopological
ordered space (briefly, SBTOS), if (X, τ1, τ2, E) is a soft bitopological space and
(X,E,≤) is a partially ordered soft space.

4
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Definition 2.23 ([14]). Let (X, τ1, τ2, E,≤) be a SBTOS. A soft set ME over X is
said to be:

(i) an increasing pairwise open soft (briefly, IPO-soft) set, if ME = M1
E t

M2
E , M

β
E ∈ τβ and increasing for β = 1, 2,

(ii) a decreasing pairwise open soft (briefly, DPO-soft) set, if ME = M1
E t

M2
E , M

β
E ∈ τβ and decreasing for β = 1, 2,

(iii) an increasing pairwise closed soft (briefly, IPC-soft) set, if ME = M1
E u

M2
E , M

β
E ∈ τ cβ and increasing for β = 1, 2,

(iv) a decreasing pairwise closed soft (briefly, DPC-soft) set, if ME = M1
E u

M2
E , M

β
E ∈ τ cβ and decreasing for β = 1, 2.

Definition 2.24 ([14]). A soft set WE in an SBTOS (X, τ1, τ2, E,≤) is called an
increasing (resp. a decreasing) pairwise soft neighborhood (briefly, IPS (resp.
DPS)-nbd) of xe∈̂XE , if there exists a PO-soft set HE such that xe∈̂HE v WE

and WE is increasing (resp. decreasing).

Definition 2.25 ([1]). Let xe1 and ye2 be two soft points in a partially ordered
space (X,E,≤). We say that xe1 � ye2 if and only if x � y or e1 6= e2.

Definition 2.26 ([1]). A soft subset WE of an STOS (X, τ,E,≤) is called an
increasing (resp. a decreasing) soft neighbourhood of xe ∈ Sp(X)E , if WE is soft
neighbourhood of xe and increasing (resp. decreasing).

Definition 2.27 ([1]). An STOS (X, τ,E,≤) is said to be:
a lower P ∗-soft T1-ordered space, if for every pair of soft points xe1 , ye2 such

that xe1 � ye2 , there exists an increasing soft neighbourhood WE of xe1 such that

ye2̂6∈WE ,
(ii) an upper P ∗-soft T1-ordered space, if for every pair of soft points xe1 , ye2 such

that xe1 � ye2 there exists a decreasing soft neighbourhood WE of ye2 such that

xe1̂6∈WE ,
(iii) a P ∗-soft T0-ordered (briefly, P ∗ST0-ordered) space, if it is lower P ∗-soft

T1-ordered or upper P ∗-soft T1-ordered,
(iv) a P ∗-soft T1-ordered (briefly, P ∗ST1-ordered) space, if it is lower P ∗-soft

T1-ordered and upper P ∗-soft T1-ordered,
(v) a P ∗-soft T2-ordered space, if for every pair of soft points xe1 , ye2 such that

xe1 � ye2 there exist disjoint soft neighbourhoods WE and VE of xe1 and ye2 ,
respectively such that WE is increasing and VE is decreasing.

Definition 2.28 ([1]). A soft point ae in a partially ordered space (X,E,≤) is called
the smallest (resp. largest) soft element of XE if ae ≤ xe (xe ≤ ae) for all xe ∈ XE .

3. New Bi−ordered soft separation axioms

In this section, we introduce Bi-ordered soft separation axioms or PSSTi-ordered
spaces. We explore their main properties and the relationships between different
separation axioms. We provide various examples to illustrate the results obtained
in this section.

Definition 3.1. An SBTOS (X, τ1, τ2, E,≤) is said to be:
5
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(i) a lower pairwise soft ST1-ordered (briefly, LPSST1-ordered) space, if for every
pair of soft points xe1 , ye2 such that xe1 � ye2 there exists an IPS-nbd WE of xe1

such that ye2̂6∈WE ,
(ii) an upper pairwise soft ST1-ordered (briefly, UPSST1-ordered) space, if for

every pair of soft points xe1 , ye2 such that xe1 � ye2 there exists a DPS-nbd WE

of ye2 such that xe1̂6∈WE ,
(iii) a PSST0-ordered space, if it is LPSST1-ordered or UPSST1-ordered,
(iv) a PSST1-ordered space, if it is LPSST1-ordered and UPSST1-ordered,
(v) a PSST2-ordered space, if for every pair of soft points xe1 , ye2 such that

xe1 � ye2 there exist disjoint P -soft nbds WE and VE of xe1 and ye2 , respectively
such that WE is increasing and VE is decreasing.

Proposition 3.2. Every PSSTi-ordered space (X, τ1, τ2, E,≤) is PSSTi−1-ordered,
for i = 1, 2.

Proof. The proof comes immediately from Definition 3.1 �

We present two examples to illustrate that the converse of the above proposition
fails.

Example 3.3. Let E = {e1, e2},≤= N ∪ {(x, y)} be a partial order relation on

X = {x, y}. Define τ1 = {XE , φ̂, G
1
E , G

2
E , G

3
E} and τ2 = {XE , φ̂, F

1
E , F

2
E},

where

G1
E = {(e1,∅), (e2, {y})} G2

E = {(e1, {y}), (e2,∅)}, G3
E = {(e1, {y}), (e2, {y})},

F 1
E = {(e1, X), (e2,∅)}, F 2

E = {(e1,∅), (e2, X)}.
Then τ12 = {XE , φ̂, G

1
E , G

2
E , G

3
E , F

1
E , F

2
E , H

1
E , H

2
E},

where H1
E = {(e1, {y}), (e2, X)}, H2

E = {(e1, X), (e2, {y})}.

For the soft points xe1 , ye2 with xe1 � ye2 , there exists an IPS-nbd F 1
E of xe1

such that ye2̂6∈F 1
E .

For the soft points xe1 , xe2 with xe1 � xe2 , there exists an IPS-nbd F 1
E of xe1

such that xe2̂6∈F 1
E .

For the soft points xe2 , xe1 with xe2 � xe1 , there exists an IPS-nbd F 2
E of xe2

such that xe1̂6∈F 2
E .

For the soft points xe2 , ye1 with xe2 � ye1 , there exists an IPS-nbd F 2
E of xe2

such that ye1̂6∈F 2
E .

For the soft points ye1 , xe2 with ye1 � xe2 , there exists an IPS-nbd G2
E of ye1

such that xe2 6 ∈̂G2
E .

For the soft points ye1 , ye2 with ye1 � ye2 , there exists an IPS-nbd G2
E of ye1

such that ye2̂6∈G2
E .

For the soft points ye2 , xe1 with ye2 � xe1 , there exists an IPS-nbd G3
E of ye2

such that xe1̂6∈G3
E .

For the soft points ye2 , ye1 with ye2 � ye1 , there exists an IPS-nbd G1
E of ye2

such that ye1̂6∈G1
E .

For the soft points ye1 , xe1 with ye1 � xe1 , there exists an IPS-nbd G2
E of ye1

such that xe1̂6∈G2
E .

6
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For the soft points ye2 , xe2 with ye2 � xe2 , there exists an IPS-nbd G3
E of ye2

such that xe2̂6∈G3
E .

Thus (X, τ1, τ2, E,≤) is LPSST1-ordered. So (X, τ1, τ2, E,≤) is PSST0-ordered.
On the other hand, we have ye1 � xe1 but there does not exist a DPS- nbd contain
xe1 and does not contain ye1 . Hence (X, τ1, τ2, E,≤) is PSST1-ordered.

Example 3.4. By taking τ1 = τ2 = τ. The example is referring to an Example
4.7 in aprevious work [6]. It is stated that this example is PSST1-ordered, but not
PSST2-ordered.

Theorem 3.5. Let (X, τ1, τ2, E,≤) be an SBTOS. Then the following three state-
ments are equivalent:

(1) (X, τ1, τ2, E,≤) is UPSST1 (resp. LPSST1)-ordered,
(2) for any two soft points xe1 , ye2 ∈ Sp(X)E such that xe1 � ye2 , there is a

PO-soft set GE containing ye2 (resp. xe1) in which xe1 � ze3 (resp. ze3 � ye2) for
every ze3 ∈̂GE ,

(3) for any soft point xe, i(xe) (resp. d(xe)) is a PC-soft set.

Proof. (1)⇒(2): Suppose (X, τ1, τ2, E,≤) is a UPSST1-ordered space and let xe1 , ye2

be two soft points such that xe1 � ye2 . Then there exists a DPS- nbd WE of

ye2 such that xe1̂6∈WE . Putting GE = sints12(WE). Assume that GE 6v (i(xe1))c.

Then there exists ze3∈̂GE and ze3 /̂∈(i(xe1))c. Thus ze3∈̂i(xe1) and this implies that

xe1 ≤ ze3 . Now, ze3∈̂GE vWE implies that xe1∈̂WE . This contradicts that xe1̂6∈WE .
So GE v (i(xe1))c. Hence xe1 � ze3 , for every ze3 ∈̂GE .

(2)⇒(3): Suppose the condition (2) holds and let xe1 , ye2 ∈ Sp(X)E such that
ye2∈̂(i(xe1))c. Then xe1 � ye2 . Thus there exists a PO-soft set GE containing ye2

such that GE v (i(xe1))c. Since xe1 and ye2 are chosen arbitrary, a soft set (i(xe1))c

is PO-soft open for any soft point xe1 . So i(xe1) is PC-soft for any xe1 ∈ Sp(X)E .
(3)⇒(1): Suppose the condition (3) holds and let xe1 and ye2 be two soft points

such that xe1 � ye2 . Obviously, i(xe1) is increasing. By the hypothesis, i(xe1) is
a PC-soft set. Then (i(xe1))c is a DPO-soft set satisfies that ye2 ∈̂(i(xe1))c and

xe1 /̂∈(i(xe1))c. Thus the proof is completed.
A similar proof can be given for the case between parentheses. �

Proposition 3.6. Let (X, τ1, τ2, E,≤) be an SBTOS with τ1 = τ2 = τ. If (X, τ1, τ2, E,
≤) is PSSTi-ordered, then (X, τ,E,≤) is always P ∗STi-ordered for i = 0, 1, 2.

Proof. We have shown the proposition when i = 1, and the other instance can be
shown similarly. Let xe1 , ye2 be two soft points in (X, τ,E,≤) such that xe1 � ye2 .
As (X, τ1, τ2, E,≤) is PSST1, there exist an IPS-nbd WE of xe1 such that ye2 6 ∈̂WE

and a DPS-nbd FE of ye2 such that xe1 /̂∈FE . Since τ1 = τ2 = τ, WE is an increasing

soft neighborhood of xe1 such that ye2 /̂∈WE and FE is a decreasing soft neighborhood

of ye2 such that xe1 /̂∈FE . Then (X, τ,E,≤) is P ∗ST1-ordered. �

Proposition 3.7. If ae is one of the smallest soft element of a finite LPSST1-
ordered space (X, τ1, τ2, E,≤), then ae is a DPC-soft point.

7
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Proof. Suppose ae is one of the smallest soft element of a finite LPSST1-ordered
space (X, τ1, τ2, E,≤). Then ae ≤ xe for all xe∈̂XE . Thus ae is a DPC- soft point.

�

Proposition 3.8. If ae is one of the largest soft element of a finite UPSST1-ordered
space (X, τ1, τ2, E,≤), then ae is a DPC-soft pint.

Proof. Suppose ae is one of the largest soft element of a finite UPSST1-ordered space
(X, τ1, τ2, E,≤). Then xe ≤ ae for all xe∈̂XE . Thus ae is a DPC- soft point. �

Proposition 3.9. If ae is a smallest (resp. a largest) soft element of a finite
PSST1-ordered space (X, τ1, τ2, E,≤), then ae is a DPO (resp. an IPO)-soft point.

Proof. Suppose ae is a smallest soft element of a finite PSST1-ordered space (X, τ1, τ2,
E,≤). Then ae ≤ xe for all xe∈̂XE . By the anti-symmetric of ≤, we have xe 6≤ ae

for all xe∈̂XE . Thus by the hypothesis, there is a DPS- nbd WE of ae such that
xe 6 ∈̂WE . It follows that ae = uWE . Since X is finite, ae is a DPO-soft point.

A similar proof can be given for the case between parentheses. �

Proposition 3.10. A finite SBTOS (X, τ1, τ2, E,≤) is PSST1-ordered if and only
if it is PSST2-ordered.

Proof. Necessity: For each ye
′

∈̂(i(xe))c, we have d(ye
′

) is PC-soft. Since X is

finite, t
ye

′
∈̂(i(xe))cd(ye

′

) is PC-soft. Then (t
ye

′
∈̂(i(xe))cd(ye

′

))c is a PO-soft set.

Thus (X, τ1, τ2, E,≤) is a PSST2-ordered space.
Sufficiency: It follows immediately from Proposition 3.2. �

Theorem 3.11. The property of being a PSSTi-ordered space is hereditary for
i = 0, 1, 2.

Proof. Let (Y, τY , ηY , E,≤Y ) be a soft bitopological ordered subspace of a PSST2-

ordered space (X, τ1, τ2, E,≤). Let xe, ye
′

∈̂YE such that xe �Y ye
′

. Then xe � ye
′

.

Thus by the hypothesis, there exist disjoint P - soft nbds WE and VE of xe and ye
′

,
respectively such that WE is increasing and VE is decreasing. Setting UE = YEuWE

and GE = YE u VE , from Lemma 2.21, we obtain that UE is an IPS-nbd of xe and

GE is a DPS-nbd of ye
′

. Since the P -soft nbds UE and GE are disjoint, it follows
that (Y, τY , ηY , E,≤Y ) is PSST2-ordered.

The theorem can be proven similarly in case of i = 0, 1. �

Definition 3.12. An SBTOS (X, τ1, τ2, E,≤) is said to be:
(i) a lower ( resp. an upper) PSS-regularly ordered space, if for each DPC (resp.

IPC)-soft set HE and xe ∈ Sp(X)E such that xê6∈HE , there exist disjoint P -soft
nbds WE of HE and VE of xe such that WE is decreasing (resp. increasing) and VE
is increasing (resp. decreasing),

(ii) a PSS-regularly ordered space, if it is both lower PSS-regularly ordered and
upper PSS-regularly ordered,

(iii) a lower (resp. an upper) PSST3-ordered space, if it is both LPSST1 (resp.
UPSST1)-ordered and lower (resp. upper) PSS-soft regularly ordered,

(iv) a PSST3-ordered space, if it is both lower PSST3-ordered and upper PSST3-
ordered.

8
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Theorem 3.13. An SBTOS (X, τ1, τ2, E,≤) is lower (resp. upper) PSS-regularly
ordered if and only if for all xe ∈ Sp(X)E and every IPO (resp. DPO)-soft set UE
containing xe, there is an IPS (resp. DPS)-nbd VE of xe satisfies that scls12(VE) v
UE .

Proof. Necessity: Suppose (X, τ1, τ2, E,≤) is lower PSS-regularly ordered and let
xe ∈ Sp(X)E and UE be an IPO-soft set containing xe. Then U cE is DPC-soft such

that xê6∈U cE . Thus by the hypothesis, there exist disjoint P -soft nbds VE of xe and
WE of U cE such that VE is increasing and WE is decreasing. So there is a PO-soft
set GE such that U cE v GE v WE . Since VE v W c

E , VE v W c
E v GcE v UE . Since

GcE is PC-soft, scls12(VE) v GcE v UE .
Sufficiency: Suppose the sufficient condition holds and let xe ∈ Sp(X)E and HE

be a DPC-soft set such that xê6∈HE . Then Hc
E is an IPO-soft set containing xe.

Thus by the hypothesis, there is an IPS-nbd VE of xe such that scls12(VE) v Hc
E . So

(scls12(VE))c is a PO-soft set containing HE . Assume that VE u d((scls12(VE))c) 6= φ̂.

Then there exists ye
′

∈ Sp(X)E such that ye
′

∈̂VE and ye
′

∈̂d((scls12(VE))c). Thus

there exists ze
′′

∈̂(cls12(VE))c satisfies that ye
′

≤ ze
′′

. This means that ze
′′

∈̂VE . This
contradicts the disjointedness between VE and (scls12(VE))c. So VEud((scls12(VE))c) =

φ̂. This completes the proof.
A similar proof can be given for the case between parentheses. �

Proposition 3.14. The following three properties are equivalent if (X, τ1, τ2, E,≤)
is PSS−regularly ordered:

(1) (X, τ1, τ2, E,≤) is PSST2-ordered,
(2) (X, τ1, τ2, E,≤) is PSST1-ordered,
(3) (X, τ1, τ2, E,≤) is PSST0-ordered.

Proof. The proofs of (1)⇒(2)⇒(3) are obvious.

(3)⇒(1): Suppose the condition (3) holds and let xe, ye
′

∈ Sp(X)E such that

xe � ye
′

. Since (X, τ1, τ2, E,≤) is PSST0-ordered, it is LPSST1-ordered or UPSST1-
ordered, say it is UPSST1-ordered. Then from Theorem 3.5, we have i(xe) is PC-

soft. Obviously, i(xe) is increasing and ye
′

/̂∈i(xe). Since (X, τ1, τ2, E,≤) is PSS-

regularly ordered, there exist disjoint P -soft nbds WE and VE of ye
′

and i(xe),
respectively such that WE is decreasing and VE is increasing. Thus (X, τ1, τ2, E,≤)
is PSST2-ordered. �

Corollary 3.15. The following three properties are equivalent if (X, τ1, τ2, E,≤) is
lower ( resp. upper ) PSS−regularly ordered:

(1) (X, τ1, τ2, E,≤) is PSST2-ordered,
(2) (X, τ1, τ2, E,≤) is PSST1-ordered,
(3) (X, τ1, τ2, E,≤) is LPSST1 (resp. UPSST1)-ordered.

Definition 3.16. An SBTOS (X, τ1, τ2, E,≤) is said to be:
(i) a Bi-Soft normally ordered space, if for each disjoint PC-soft sets FE and HE

such that FE is increasing and HE is decreasing, there exist disjoint P -soft nbds WE

of FE and VE of HE such that WE is increasing and VE is decreasing,
(ii) a PSST4-ordered space, if it is Bi−soft normally ordered and PSST1-ordered.
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Theorem 3.17. An SBTOS (X, τ1, τ2, E,≤) is Bi-soft normally ordered if and only
if for every DPC (resp. IPC)-soft set FE and every DPS (resp. IPS)- nbd UE of
FE , there is a DPS (resp. an IPS)-nbd VE of FE satisfies that scls12(VE) v UE .

Proof. Necessity: Suppose (X, τ1, τ2, E,≤) is Bi-soft normally ordered and let FE
be a DPC-soft set and UE be a DPS-nbd of FE . Then U cE is an IPC-soft set and

FE uU cE = φ̂. Since (X, τ1, τ2, E,≤) is Bi-soft normally ordered, there exist disjoint
DPS-nbd VE of FE and IPS-nbd WE of U cE . Since WE is P -soft nbd of U cE , there
exists a PO-soft set HE such that U cE v HE v WE . Thus W c

E v Hc
E v UE and

VE vW c
E . So it follows that scls12(VE) v scls12(W c

E) v Hc
E v UE . Hence we have

FE v scls12(VE) v scls12(W c
E) v Hc

E v UE .

Therefore the necessary part holds.
Sufficiency: Suppose the necessary condition holds and let F 1

E and F 2
E be two

disjoint PC-soft sets such that F 1
E is decreasing and F 2

E is increasing. Then F 2c
E is

a DPO-soft set containing F 1
E . By the hypothesis, there exists a DPS-nbd VE of

F 1
E such that scls12(VE) v F 2c

E . Setting HE = XE − scls12(VE). This means that HE

is a PO-soft set containing F 2
E . Obviously, F 2

E v HE , F
1
E v VE and HE u VE = φ̂.

Now, i(HE) is an IPS-nbd of F 2
E . Assume that i(HE) u VE 6= φ̂. Then there exists

xe ∈ Sp(X)E such that xe∈̂i(HE) and xe∈̂VE = d(VE). This implies that there exist

ae
′

∈̂HE and be
′′

∈̂VE such that ae
′

≤ xe and xe ≤ be
′′

. As ≤ is transitive, ae
′

≤ be
′′

.

Thus be
′′

∈̂HE u VE . This contradicts the disjointedness between HE and VE . So

i(HE) u VE = φ̂. Hence the proof is completed.
A similar proof can be given for the case between parentheses. �

Proposition 3.18. Every PSSTi-ordered space (X, τ1, τ2, E,≤) is PSSTi−1-ordered
for i = 3, 4.

Proof. From Proposition 3.14, we obtain that every PSST3-ordered space is PSST2-
ordered. To prove the proposition in case of i = 4, let xe ∈ Sp(X)E and FE be a

DPC-soft set such that xê6∈FE . Since (X, τ1, τ2, E,≤) is PSST1-ordered, i(xe) is an
IPC-soft set. Since (X, τ1, τ2, E,≤) is Bi-soft normally ordered, there exist disjoint
P -soft nbds WE and VE of i(xe) and FE , respectively such that WE is increasing and
VE is decreasing. Then (X, τ1, τ2, E,≤) is lower PSS−regularly ordered. If FE is an
IPC-soft set, then we prove similarly that (X, τ1, τ2, E,≤) is upper PSS-regularly
ordered. Thus (X, τ1, τ2, E,≤) is PSS-regularly ordered. So (X, τ1, τ2, E,≤) is
PSST3-ordered. �

The converse of the above proposition is not always true as illustrated in the
following two examples.

Example 3.19. Let E = {eα, eβ} be a set of parameters, ≤= N ∪ {(1, 2)} be a
partial order relation on the set of natural numbers ℵ. Define τ1 = {GE v ℵE such
that 1 ∈ GE and GcE is infinite } and τ2 = {FE v ℵE such that 1 ∈ F cE} ∪ ℵE .
Then (ℵ, τ1, τ2, E,≤) is a soft bitopological ordered space. In the following, we
illustrate that (ℵ, τ1, τ2, E,≤) is PSST2-ordered. We have the following 10 cases.
Let i ∈ {α, β} and x, y ∈ ℵ − {1, 2} with x 6= y.

10
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Case 1. Suppose 1ei � 1ej , i 6= j. Then we define two soft sets WE , VE as follows:

W (ei) = {1, 2}, W (ej) = ∅ and V (ej) = {1}, V (ei) = ∅, i 6= j.

Thus WE is an IPO-soft set containing 1ei , VE is a DPO-soft set containing 1ej

and WE u VE = φ̂.
Case 2. Suppose 1ei � 2ej , i 6= j. Then we define two soft sets WE , VE as follows:

W (ei) = {1, 2}, W (ej) = ∅ and V (ej) = {1, 2}, V (ei) = ∅, i 6= j.

Thus WE is an IPO-soft set containing 1ei , VE is a DPO-soft set containing 2ej

and WE u VE = φ̂.
Case 3. Suppose 1ei � xej ∀i, j. Then we define two soft sets WE , VE as follows:

W (ei) = {1, 2}, W (ej) = ∅ and V (e) = {x}∀e ∈ E.
Thus WE is an IPO-soft set containing 1ei , VE is a DPO-soft set containing xej

and WE u VE = φ̂.
Case 4. 2ei � 1ej ∀i, j. Then we define two soft sets WE , VE as follows:

W (e) = {2} ∀e ∈ E and V (ej) = {1}, V (ei) = ∅.

Thus WE is an IPO-soft set containing 2ei , VE is a DPO-soft set containing 1ej

and WE u VE = φ̂.
Case 5. Suppose 2ei � 2ej , i 6= j. Then we define two soft sets WE , VE as follows:

W (ei) = {1, 2}, W (ej) = ∅ and V (ej) = {1, 2}, V (ei) = ∅, i 6= j.

Thus WE is an IPO-soft set containing 2ei , VE is a DPO-soft set containing 2ej

and WE u VE = φ̂.
Case 6. Suppose 2ei � xej∀i, j. Then we define two soft sets WE , VE as follows:

W (ei) = {1, 2}, W (ej) = ∅ and V (e) = {x}∀e ∈ E.
Thus WE is an IPO-soft set containing 2ei , VE is a DPO-soft set containing xej

and WE u VE = φ̂.
Case 7. Suppose xei � 1ej ∀i, j. Then we define two soft sets WE , VE as follows:

W (e) = {x} ∀e ∈ E and V (ej) = {1}, V (ei) = ∅.

Thus WE is an IPO-soft set containing xei , VE is a DPO-soft set containing 1ej

and WE u VE = φ̂.
Case 8. Suppose xei � 2ej ∀i, j. Then we define two soft sets WE , VE as follows:

W (e) = {x} ∀e ∈ E and V (ej) = {1, 2}, V (ei) = ∅.

Thus WE is an IPO-soft set containing xei , VE is a DPO-soft set containing 2ej

and WE u VE = φ̂.
Case 9. Suppose xei � xej , i 6= j. Then we define two soft sets WE , VE as follows:

W (ei) = {1, 2, x}, W (ej) = ∅ and V (ej) = {1, x}, V (ei) = ∅, i 6= j.

Thus WE is an IPO-soft set containing xei , VE is a DPO-soft set containing xej

and WE u VE = φ̂.
Case 10. Suppose xei � yej ∀i, j. Then we define two soft sets WE , VE as follows:

W (e) = {x} ∀e ∈ E and V (e) = {y} ∀e ∈ E.
11
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Thus WE is an IPO-soft set containing xei , VE is a DPO-soft set containing yej

and WE u VE = φ̂.
To illustrate that (ℵ, τ1, τ2, E,≤) is not lower PSS-regularly ordered, we define a

decreasing soft closed set HE as follows:

HE = {(eα, {1, 2, 4, 5, · · · }), (eβ , {1, 2, 4, 5, · · · })}.

Since 3eα̂6∈HE and there do not exist disjoint P -soft nbds WE and VE containing
HE and 3eα , respectively, (ℵ, τ1, τ2, E,≤) is not lower PSS-regularly ordered. Then
(ℵ, τ1, τ2, E,≤) is not PSST3-ordered.

Example 3.20. Let E = {e1, e2, e3} be a set of parameters, ≤= N ∪ {(1, 2)} be a
partial order relation on the set of natural numbers ℵ. Define τ1 = {GE v ℵE such
that 1 ∈ GcE} ∪ ℵE and τ2 = {FE v ℵE such that 1 ∈ F (e2) and F cE is finite}. Then
(ℵ, τ1, τ2, E,≤) is a SBTOS. In the following, we illustrate that (ℵ, τ1, τ2, E,≤) is
PSS-regularly ordered.

A soft subset HE of (ℵ, τ1, τ2, E,≤) is PC-soft, if 1 ∈ HE or 1 6∈ H(e2) and HE

is finite.
On the one hand, consider φ̂ 6= HE 6= ℵE is a DPO-soft set. Then we have the

following two cases.

Case 1. Suppose 1 ∈ HE . Then for each xe ∈ Sp(X)E such that xê6∈HE , we
define a soft set GE by: GE = xe. Thus GE is an IPO-soft set containing xe and
its relative complement is a DPO-soft set containing HE .

Case 2. Suppose 1 6∈ H(e2), HE is finite and xê6∈HE . Then we have the following
two cases.

(1) If xe = 1e2 , then 2e2̂6∈HE . Thus we define a soft set GE by: G(e) = ℵ−H(e)
for each e ∈ E. So GE is an IPO-soft set containing 1e2 and its relative
complement is a DPO-soft set containing HE .

(2) If xe 6= 1e2 , then we define a soft set GE by: G(e) = ℵ−H(e) for each e ∈ E.
Thus GE is an IPO-soft set containing xe and its relative complement is
a DPO-soft set containing HE . So (ℵ, τ1, τ2, E,≤) is lower PSS-regularly
ordered.

On the other hand, consider φ̂ 6= HE 6= ℵE is an IPC-soft set. Then we have the
following two cases.

Case 1. Suppose 1 ∈ HE . Then 2 ∈ HE . Thus for each xe ∈ Sp(X)E such that

xê6∈HE , we define a soft set GE by: GE = xe. So GE is a DPO-soft set containing
xe and its relative complement is an IPO-soft set containing HE .

Case 1. Suppose [1 6∈ H(e2), HE is finite and xê6∈HE . Then we have the following
two cases.

(1) If xe = 1e2 , then we define a soft set GE by: G(e) = ℵ−H(e) for each e ∈ E.
Thus GE is a DPO-soft set containing 1e2 and its relative complement is an
IPO-soft set containing HE .

(2) If xe 6= 1e2 and xe = 2e2 , then 1 6∈ HE . Thus by the definition of PO-
soft sets, we obtain that HE is an IPO- soft set. Obviously, its relative
complement is a DPO-soft set containing xe. If xe 6= 1e2 6= 2e2 , then we
define a soft set GE by: G(e) = ℵ − H(e) for each e ∈ E. Thus GE is a

12
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DPO-soft set containing xe and its relative complement is an IPO-soft set
containing HE . So (ℵ, τ1, τ2, E,≤) is upper PSS-regularly ordered.

From the above discussion, we conclude that (ℵ, τ1, τ2, E,≤) is PSS-regularly or-
dered. Hence (ℵ, τ1, τ2, E,≤) is PSST3-ordered.

To illustrate that (ℵ, τ1, τ2, E,≤) is not Bi-soft normally ordered, we define an
IPC-soft set HE and a DPC-soft soft set FE as follows:

HE = {(e1, {1, 2}), (e2, {3}), (e3, {4})}, FE = {(e1, {3}), (e2, {4}), (e3, {1, 5})}.

Since the two PC−soft sets are disjoint and there do not exist disjoint P -soft nbds
WE and VE containing HE and FE , respectively, (ℵ, τ1, τ2, E,≤) is not Bi-soft nor-
mally ordered. Then (ℵ, τ1, τ2, E,≤) is not PSST4-ordered.

4. Conclusion

In summary, we have introduced a new class of ordered soft separation axioms,
called PSSTi-ordered spaces, and investigated their interrelations. This provides a
useful framework for studying soft topology. We have also given illustrative examples
to clarify the obtained results. As future work, we plan to extend these concepts to
supra soft topological spaces. We hope that our work will be beneficial for researchers
and scholars in advancing the study of soft topology.
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